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We show that when an electron or photon propagates in a cylindrically symmetric waveguide,
it experiences both a zitterbewegung effect and a spin-orbit interaction leading to identical prop-
agation dynamics for both particles. Applying a unified perturbative approach to both particles
simultaneously, we find that to first-order in perturbation theory their Hamiltonians each contain
identical Darwin (zitterbewegung) and spin-orbit terms, resulting in the unification of their dynam-
ics. The presence of the zitterbewegung effect may be interpreted physically as the delocalization of
the electron on the scale of its Compton wavelength, or the delocalization of the photon on the scale
of its wavelength in the waveguide. The presence of the spin-orbit interaction leads to the prediction
of several rotational effects: the spatial or time evolution of either particle’s spin/polarization vector
is controlled by the sign of its orbital angular momentum quantum number, or conversely, its spatial
wave function is controlled by its spin angular momentum.
PACS numbers: 42.50.Tx, 03.65.-w, 42.81.Qb, 03.75.-b, 03.65.Ge
I. INTRODUCTION
It is well-known that when an electron propagates in an
inhomogeneous electrostatic potential, its dynamics are
influenced by three distinct effects of relativistic origin:
(1) the relativistic mass increase due to the electron’s
kinetic energy, (2) the delocalization of the electron on
the scale of its Compton wavelength corresponding to the
so-called zitterbewegung of its motion, and (3) the alter-
ation of the propagation characteristics of the electron
arising from the interaction between its spin and orbital
angular momenta [1]. These phenomena were first clearly
shown to derive from a common source by Foldy and
Wouthuysen, who showed that the Dirac equation for an
electron in an external electric field reduces in the non-
relativistic regime to the Schro¨dinger-Pauli equation with
three correction terms present in the Hamiltonian. These
terms, often denoted as HˆRel, HˆDar, and HˆSO, correspond
respectively with the three aforementioned phenomena,
and the latter two may be respectively interpreted as gov-
erning interactions between the external electromagnetic
field and the electron’s delocalized charge distribution
and magnetic moment [2].
In this paper, we show that Maxwell’s equations for
a photon propagating in a inhomogeneous transparent
medium with an axial confining influence may be reduced
to a Schro¨dinger-Pauli like equation which includes both
Darwin and spin-orbit terms HˆDar and HˆSO, in complete
analogy with the wave equation for an electron propagat-
ing in an axially confining potential. We find that despite
the fact that the photon lacks a charge distribution and a
magnetic moment, the Hamiltonians describing the elec-
tron and photon dynamics for the zitterbewegung and
spin-orbit effects have exactly the same form, with the
∗Electronic address: cleary@wooster.edu
FIG. 1: Dispersion curves simultaneously describing an elec-
tron or a photon propagating in a cylindrically symmetric
waveguide with a step potential/permittivity profile. Each
curve relates the particle’s axial momentum (characterized
by propagation constant β) to its normalized frequency R for
a distinct transversely bound state of the system. The left
(right) vertical axis delineates β for the photon (electron).
The splitting of certain pairs of dispersion curves due to the
spin-orbit interaction is exaggerated by a factor of fifty for
purposes of visualization. In the legend, we have modified
the standard optical fiber nomenclature LP|m`|n to signify
each electronic or photonic bound state (see text for details).
electron’s dimensionless potential energy function −eV (r)mc2
playing the role of the photon’s normalized permittivity
(r)
(0) , where r denotes the distance from the axis of con-
finement. It follows that if the ratio between a particle’s
wavelength and its effective confinement radius is equal
for both particles, the dispersion relations connecting the
energy and momentum for each particle’s axial momen-
tum eigenstates are given by the same set of curves (see
Fig. 1).
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2The existence of the photonic spin-orbit interaction
was predicted and observed some time ago [3, 4], while
the analogous effect for electrons in a cylindrical geom-
etry has more recently been investigated by one of us
and others [5, 6], as well as a rich connection between
the spin-orbit interaction and the geometric Berry phase
for both particles (eg. [7–9]). A Darwin interaction or
zitterbewegung effect has been theoretically proposed for
photons propagating in free space [10] and in anisotropic
media [11], and mentioned in passing for photons in an
inhomogeneous, isotropic medium as we study here [12].
For electrons, zitterbewegung has been predicted to occur
for electron wave packets exhibiting a spin-orbit interac-
tion in condensed matter systems including spintronic
semiconductors, graphene, and superconducting systems
[13, 14], while the effect has also been experimentally
simulated for a one-dimensional Dirac electron via ma-
nipulation of a single trapped ion [15]. Furthermore, the
recent development of experimental techniques for gen-
erating electron vortex beams [16, 17] has brought closer
the possibility of observing both the spin-orbit coupling
and zitterbewegung effects for electron vortices. A sig-
nificant body of work has studied these phenomena for
both particles in the context of semiclassical equations of
motion in a trajectory (ray) picture (cf. [7, 8, 11, 18–22]).
However, a systematic comparative study of the zitter-
bewegung and spin-orbit effects for both electrons and
photons from the wave equation point of view is lacking
in the literature, and is the subject of the present paper.
II. PRELIMINARIES
Our aim here is to compare the wave equations for a
monoenergetic electron and photon for the case where
each particle experiences a cylindrically symmetric axial
confining influence while propagating paraxially with re-
spect to the confinement axis. Employing cylindrical co-
ordinates (r, φ, z), we characterize the confining influence
by an inhomogeneous potential V (ρ) for electrons, and
an inhomogeneous permittivity  (ρ) for photons, where
ρ ≡ ra is a dimensionless radial coordinate, and a is the
effective radius of the potential or permittivity. The re-
quirement of translational invariance in the z -direction
implies that the monoenergetic wave function describing
either particle [29] assumes the following traveling wave
form,
Ψ = Ψ (ρ, φ) ei(βz−ωt) (1)
where Ψ (ρ, φ) is a two-component spinor for the case of
an electron, and a two-dimensional vector lying in the
plane transverse to the confinement axis for a photon.
As we will show, under the above conditions the wave
equations for both an electron and a photon take the
same general form:
[∇2T + k2 (ρ)]Ψ + Hˆ ′Ψ = β2Ψ, (2)
where ∇2T ≡ ∇2 − ∂2z is the transverse Laplacian. The
function k2 (ρ)—which depends implicitly on the par-
ticle’s angular frequency ω—determines the dispersion
relation between ω and the particle’s propagation con-
stant β. We find that for a weakly–guided electron or
photon, the term Hˆ ′Ψ in (2)—which is defined below
for both cases—may be treated as a perturbation of the
Helmholtz-type wave equation
Hˆ0Ψ0 = β
2
0Ψ0. (3)
where Hˆ0 ≡ ∇2T + k2 (ρ).
For a given particle energy h¯ω, the unperturbed solu-
tions to equation (3) may be expressed in the form
Ψ0 ≡ |nm` σ〉 = 1
a
ψn|m`|(ρ) e
im`φeˆσe
i(β0z−ωt) (4)
where ψn|m`| (ρ) is a dimensionless, real scalar function
determined by k2 (ρ). The wave functions in (4) are ex-
pressed via the ket notation in terms of the following
quantum numbers, {n, m`, σ}, which are respectively
associated with the following set of commuting opera-
tors, {Hˆ0, ˆ`z, σˆz}, where σˆz ≡
(
1 0
0 −1
)
and ˆ`z ≡ −i∂φ
are dimensionless operators respectively representing the
z -components of the spin and orbital angular momen-
tum of the particle. The quantum numbers n, m`,
and σ are constrained to the following integral values:
n = 1, 2, 3, . . .; m` = 0,±1,±2, . . .; σ = ±1 ≡ ±. Also in
(4), eˆσ ≡
(
δσ+
δσ−
)
is a two-component spinor (for elec-
trons) or a helicty unit vector eˆσ ≡ xˆ+iyˆ√2 δσ+ +
xˆ−iyˆ√
2
δσ−
(for photons) composed of Kronecker delta functions,
such that the sign of σ determines the handedness of the
particle’s helicity as measured in the laboratory frame.
The eigenvalues β20 of equation (3) depend on n and
on the absolute value |m`|, but are independent of σ.
In order to explicitly identify this dependence, we will
sometimes denote the squared propagation constant as
β20 ≡
(
β20
)
n|m`|, or the unsquared one as β0 ≡ (β0)n|m`|.
In what follows we derive equation (2) for both elec-
trons and photons, and discuss the perturbation term
Hˆ ′Ψ in detail for both cases. We find that to first-order
in perturbation theory, this term—which includes both
the spin-orbit interaction and Zitterbewegung effects—
assumes effectively identical forms for electrons and pho-
tons.
III. ELECTRON WAVE EQUATION
Consider a single monoenergetic electron with mass m,
charge −e, and energy h¯ω, moving in the presence of an
electromagnetic field at a non-relativistic speed with re-
spect to the laboratory frame. If the electromagnetic field
3contains sufficiently low (i.e. non-relativistic) field energy
then the electron may be described by the Dirac equation.
Furthermore, if the electromagnetic field is electrostatic
in the laboratory frame, in this frame the magnetic field
B and magnetic vector potential A may be set to zero,
and the electric field E has zero curl. In such a case, the
Dirac equation for the electron in Gaussian units, as ex-
pressed in the Foldy-Wouthuysen representation to order(
v
c
)4
takes the form [1]
HˆΨ = h¯ωΨ (5)
with
Hˆ = mc2 +
pˆ2
2m
− eV
−
{
1
2mc2
(
pˆ2
2m
)2
+
eh¯2
8m2c2
∇ ·E− e
2m2c2
Sˆ · (E× pˆ)
}
,
(6)
where pˆ ≡ −ih¯∇ is the electronic momentum operator,
Sˆ ≡ h¯2 σˆ is the spin vector operator of 2×2 Pauli matrices,
and a standard notation has been used to represent the
other electronic properties.
Assuming a cylindrically symmetric but inhomoge-
neous potential V (ρ) so that E = −∂rV (ρ) rˆ, we express
V (ρ) in terms of a dimensionless function χ (ρ) through
the relationship
We−(ρ) = We−(0) + ∆χ (ρ) (7)
where We−(ρ) ≡ −eV (ρ)mc2 is a dimensionless “normalized”
potential energy, and ∆ ≡ − (We−(0)−We−(a)). In
order to guarantee the existence of transversely bound
states, we assume that χ is zero at the origin and in-
creases monotonically to one at radius a, becoming con-
stant thereafter. For simplicity we also fix the arbitrary
“zero point” potential energy according to eV (0) = mc2,
so that the mc2 term may be dropped in the first line of
(6) and W (0) set to zero in (7). With these substitu-
tions, multiplying both sides of (5) by the quantity − 2m
h¯2
yields an equation of the form (2), with
k2 (ρ) =
2
λ2C
(
h¯ω
mc2
−∆χ
)
, (8)
and
Hˆ ′ = Hˆ(e
−)
Rel + Hˆ
(e−)
Dar + Hˆ
(e−)
SO , (9)
where
Hˆ
(e−)
Rel =
1
λ2C
(
h¯ω
mc2
−∆χ
)2
, (10a)
Hˆ
(e−)
Dar = −
∆
4a2
(
χ′′ +
χ′
ρ
)
, (10b)
Hˆ
(e−)
SO = −
∆
a2
χ′
ρ
1
h¯
Sˆ ·
(
ρ× 1
h¯
pˆ
)
= − ∆
2a2
χ′
ρ
[
σˆz ˆ`z + ρNˆ
(e−)∂z
]
, (10c)
with the primes on the χ functions denoting derivatives
with respect to ρ. In deriving (10a), the zero–order
Schro¨dinger relation pˆ
2
2m = h¯ω + eV (ρ) has been used,
keeping (10a) accurate to order
(
v
c
)4
, and λC ≡ h¯mc is
the electron’s reduced Compton wavelength. In (10c),
the vector dot product involving the spin operator Sˆ has
been carried out, while Nˆ(e
−) ≡ σˆ+ ˆ`−− σˆ− ˆ`+, where σˆ±
and ˆ`± are the respective raising and lowering operators
of the z -components of spin and orbital angular momen-
tum for the electronic states |nm` σ〉, such that
σˆ± ˆ`∓ |nm` ∓〉 = |nm`∓1 ±〉 , (11a)
σˆ± ˆ`∓ |nm` ±〉 = 0. (11b)
The three terms in (9) correspond respectively to the
those in curly brackets in (6), and are well-known in the
context of the canonical case of a spherically symmetric
Coulomb potential, where together they account for all
observed spectral phenomena of the hydrogen atom to
order
(
v
c
)4
[23]. In the present cylindrically symmetric
case, their interpretation remains the same: Hˆ
(e−)
Rel arises
from the relativistic mass increase due to the electron’s
kinetic energy, Hˆ
(e−)
Dar (the Darwin term) accounts for the
additional potential energy imparted to the electron due
to the so-called zitterbewegung of its motion, and Hˆ
(e−)
SO
gives rise to the electronic spin-orbit interaction.
IV. PHOTON WAVE EQUATION
Consider now the analogous case of a monoenergetic
photon with energy h¯ω propagating in a non-magnetic
transparent medium with constant permeability µ0 and
cylindrically symmetric but spatially inhomogeneous per-
mittivity  (ρ). In this case Maxwell’s equations reduce
to a single equation which has precisely the same gen-
eral form (2) as does the electron wave equation, but
with k2 (ρ) = ω2 (ρ)µ0 and Hˆ
′Ψ = ∇T [∇T ln  (ρ) ·Ψ]
for photons, as shown in [24]. Here, ∇T ≡ ∇ − ∂z zˆ is
the transverse gradient, while the transverse part of the
electric field Ψ ≡ E − (E · zˆ) zˆ has the traveling-wave
form given in (1) and plays the role of a photonic wave
function. We express  (ρ) in terms of the dimensionless
function χ introduced previously:
4Wγ (ρ) = Wγ (0)−∆χ (ρ) . (12)
Here, in analogy to (7), Wγ (ρ) ≡ (ρ)(0) ≡ n
2(ρ)
n2(0) is a nor-
malized permittivity for the medium (or equivalently, its
normalized squared refractive index), while Wγ (0) = 1
and ∆ ≡Wγ (0)−Wγ (a), so that
k2 (ρ) =
1
λ2γ
(1−∆χ) , (13)
in analogy with (8), where λγ ≡ 1n(0) λ02pi is the “reduced”
photon wavelength at the waveguide center, with λ0 be-
ing the monoenergetic photon’s wavelength in vacuum.
In Appendix A, we show that the term Hˆ ′Ψ =
∇T [∇T ln  (ρ) ·Ψ] given above may be expressed in the
form
Hˆ ′Ψ =
(
Hˆ
(γ)
Dar + Hˆ
(γ)
SO
)(
1+ Nˆ(γ)
)
Ψ, (14)
with
Hˆ
(γ)
Dar = −
1
1−∆χ
∆
2a2
(
χ′′ + χ′∂ρ +
χ′
ρ
+
∆ (χ′)2
1−∆χ
)
,
(15a)
Hˆ
(γ)
SO = −
1
1−∆χ
∆
2a2
χ′
ρ
σˆz ˆ`z, (15b)
where 1 denotes the identity operator while Nˆ(γ) ≡
σˆ2+
ˆ`2− + σˆ
2
− ˆ`
2
+, with the angular momentum raising and
lowering operators σˆ± and ˆ`± defined in (11).
We stress here that our treatment thus far is exact for
photons, in the sense that each solution to equation (2)
with k2 (ρ) given by (13) and Hˆ ′Ψ given by (14) gener-
ates a complete and exact solution {E,B} to Maxwell’s
equations [24]. We will show that for sufficiently small
∆, the physics described by the Hamiltonians given in
(9) and (14) is effectively identical.
V. PERTURBATIVE TREATMENT
If the overall variation of the electronic potential V (ρ)
or photonic permittivity  (ρ) is sufficiently small, the
particle is weakly guided, from which it follows that the
guided modes are nearly paraxial. For either particle,
these conditions is fulfilled when ∆ 1, which suggests
the treatment of Hˆ ′ as a perturbation to equation (3).
We are therefore led to calculate the matrix elements of
the perturbation Hˆ ′ in the unperturbed monoenergetic
eigenstates |nm` σ〉, denoted as 〈n′m′` σ′| Hˆ ′ |nm` σ〉,
where the inner product is defined in the position rep-
resentation as
〈n′m′` σ′| Hˆ ′ |nm` σ〉 ≡
∫∫
Ψ†0Hˆ
′Ψ0 rdrdφ (16a)
=
∫∫
ψn′|m′`|e
−im′`φeˆ†σ′e
−iβ0zHˆ ′ψn|m`|e
im`φeˆσe
iβ0zρdρdφ,
(16b)
In (16), the dagger superscript denotes the Hermitian
conjugate, and the primes on the quantum numbers in
the bra vector serve to differentiate them from those in
the ket vector, since they are generally distinct.
We are presently interested in applying perturbation
theory to calculate the first-order shifts in
(
β20
)
n|m`| due
to the perturbation H ′, which we denote as δ
(
β20
)
n|m`|.
In order for these first–order shifts to be accurate, it is
sufficient that each of the following conditions be met:
∣∣∣〈nm` σ| Hˆ ′ |nm` σ〉∣∣∣  ∣∣∣(β20)n|m`|∣∣∣ (17a)∣∣∣〈n′m` σ| Hˆ ′ |nm` σ〉∣∣∣ ∣∣∣(β20)n|m`| − (β20)n′|m`| ∣∣∣
(17b)∣∣∣〈n′m` σ| Hˆ ′ |nm` σ〉 〈nm` σ| Hˆ ′ |n′m` σ〉∣∣∣

∣∣∣〈n′m` σ| Hˆ ′ |nm` σ〉∣∣∣ (17c)
where the second and third conditions need only hold for
n′ 6= n. Numerical calculations show that the conditions
in (17) indeed hold in the specific case where χ has a step
profile, for ∆ ∼ 0.01. As a result of this, we expect (17)
to hold for a wide range of monotonically increasing χ
profiles, and we henceforth assume this to be the case for
the profile in question.
In Appendix B, we explicitly derive the matrix ele-
ments in (16) for each particle, and show that to first
order in perturbation theory, only the diagonal elements
contribute to the shifts in δ
(
β20
)
n|m`|, which may be ex-
pressed as follows:
5δ
(
β20
)
n|m`| = 〈nm` σ| Hˆ
′ |nm` σ〉 = 1
λ2C
〈(
h¯ω
mc2
−∆χ
)2〉
n|m`|
+
pi∆
a2
(〈
χ′∂ρ
〉
n|m`|
− σm`
〈
χ′
ρ
〉
n|m`|
)
,
(for electrons) (18a)
δ
(
β20
)
n|m`| = 〈nm` σ| Hˆ
′ |nm` σ〉 = pi∆
a2
(〈
χ′∂ρ
〉
n|m`|
− σm`
〈
χ′
ρ
〉
n|m`|
)
,
(for photons) (18b)
where the bracket notation
〈
Oˆ
〉
n|m`|
denotes the radial
integral
〈
Oˆ
〉
n|m`|
≡ ∫ ψn|m`| Oˆ ψn|m`|ρdρ for any opera-
tor Oˆ contained within.
Equations (18) are a principal result of this work: the
first–order expressions for the propagation constants are
identical in form for electrons and photons propagat-
ing in a cylindrical waveguide, with the exception of a
state-dependent correction associated with the relativis-
tic mass increase of the electron due to its kinetic en-
ergy. However, for an electron with sufficiently small
velocity, this term is negligible in comparison with the
remaining Darwin and spin–orbit terms, in which case
equations (18a) and (18b) become completely identi-
cal in form. It follows that in the regime of low ve-
locity electrons, the first-order correction δ(β0)n|m`| to
the unsquared propagation constant, which may be ex-
pressed to first order in terms of δ
(
β20
)
n|m`| by the rela-
tion δ(β0)n|m`| ≈ 12
δ(β20)n|m`|
(β0)n|m`|
, is given for both particles
by the following expression:
δ(β0)n|m`| =
pi∆
2(β0)n|m`|a2
〈
χ′∂ρ − σm`χ
′
ρ
〉
n|m`|
, (19a)
=
pi∆
2β0a2
∫
χ′ψ (ρ∂ρ − σm`)ψdρ, (19b)
where ψ and β0 are shorthand for ψn|m`| and (β0)n|m`|.
The first-order shifts δ(β0)n|m`| may therefore be rep-
resented for both particles in terms of the following ef-
fective Hamiltonian,
HˆEff =
∆
4β0a2
χ′
(
∂ρ − 1
ρ
σˆz ˆ`z
)
, (20)
where
δ(β0)n|m`| = 〈nm` σ| HˆEff |nm` σ〉 . (21)
It is remarkable that the simple expressions (19)–(21)
apply to both electrons and photons.
VI. UNIFIED PARTICLE DYNAMICS
The zitterbewegung of the electron or photon associ-
ated with the first (Darwin) term in the Hamiltonian (20)
gives rise to a shift in the dispersion curve β (ω) belonging
to each eigenstate |nm` σ〉. The magnitude and direc-
tion of the shift depends on the choice of χ profile, such
that the zitterbewegung generally gives rise to a larger
shift if there are regions where both χ and ψ are changing
rapidly, provided that ψ has an appreciable magnitude in
these regions. This effect can be interpreted physically
as a delocalization of the interaction between the parti-
cle and its confining influence: for electrons, the inter-
action between the propagating electron and the charge
distribution associated with the waveguide potential is
“smeared out” due to the delocalization of the electron
on the scale of its Compton wavelength corresponding to
its zitterbewegung motion [2, 23]. The above results sug-
gest that a smearing of the interaction of the propagating
photon and the waveguide permittivity occurs due to an
analogous delocalization and zitterbewegung of the pho-
ton. As we will show, consideration of the simple case of
a step-profile for χ suggests that λγ , the photon’s reduced
wavelength at the waveguide center, in this context plays
the role of the electron’s Compton wavelength as a nat-
ural length scale delimiting photon localizability. These
conclusions are supported by a previous prediction of a
zitterbewegung motion for a photon in free space with an
amplitude on the order of the photo’s reduced classical
wavelength in vacuum [10].
Like the zitterbewegung shift, The spin-orbit inter-
action associated with the second term in (20) is also
larger if χ contains regions of rapid variation. It leads
to a splitting of each set of fourfold-degenerate states
{|n |m`| +〉 , |n − |m`| −〉 , |n |m`| −〉 , |n − |m`| +〉}
into two twofold-degenerate pairs, according to the sign
of the product of σm`: σm` > 0 always corresponds to a
downward shift for the dispersion curve, and vice versa.
The effect gives rise to several rotational phenomena in-
volving the wave function of either particle, as has been
previously discussed by one of us [5, 9]. As an illustration
of this, consider the following distinct balanced super-
positions of the monoenergetic, unperturbed eigenstates
|nm` σ〉,
6FIG. 2: (a) An OAM eigenstate with |m`| = 2 in a balanced
superposition of + and − SAM states (see equation (22a)).
The ± signs contained within the transverse spatial profiles
indicate the SAM of the contributing state, while the arrows
indicate its OAM handedness. (b) A SAM eigenstate in a
balanced superposition of right and left-handed OAM states
with |m`| = 2 (see equation (22b)). When states (a) and (b)
propagate down a straight waveguide, the spin (polarization)
vector of the state in (a) (see equation (24a)) and the trans-
verse spatial profile of the state in (b) (see equation (24b))
exhibit azimuthal rotation, as shown in (c) and (d), with the
sense of rotation controlled by the sign of the OAM and SAM
quantum numbers, respectively. The straight arrows in (c) de-
note the orientation of the state’s spin (polarization) vector,
while the white plus signs in (d) represent relative transverse
phase.
1√
2
(
|nm` σ〉+ |nm` −σ〉
)
∝ eim`φ (eˆσ + eˆ−σ) ,
(22a)
1√
2
(
|nm` σ〉+ |n −m` σ〉
)
∝ cos (|m`|φ) eˆσ. (22b)
The above wave functions each represent a superposition
between a state with parallel spin angular momentum
(SAM) and orbital angular momentum (OAM) vectors
(that is, the product σm` is positive) and a state with
anti -parallel SAM and OAM (σm` negative). They are
represented pictorially in Figs. 2(a) and 2(b) for the case
where |m`| = 2.
According to (19), upon traveling a distance z along
the waveguide, a particle in the state |nm` σ〉 picks up a
phase factor of the following form:
|nm` σ〉 → |nm` σ〉 ei(|δβD|−σµ|δβSO|)z, (23)
where δβD ≡ pi∆2β0a2 〈χ′∂ρ〉n|m`| denotes the Darwin shift,
δβSO ≡ pi∆2β0a2
〈
χ′
ρ
〉
n|m`|
denotes the spin–orbit correction,
and µ ≡ m`|m`| denotes the absolute sign of the OAM quan-
tum number. As a result of this phase accumulation, the
respective states (22a) and (22b) evolve into
ei|δβD|z√
2
(
|nm` σ〉 e−iσµ|δβSOz| + |nm` −σ〉 e+iσµ|δβSO|z
)
∝ ψn|m`| (ρ) eim`φ
(
eˆ+e
−iµ|δβSO|z + eˆ−e+iµ|δβSO|z
)
,
(24a)
ei|δβD|z√
2
(
|nm` σ〉 e−iσµ|δβSO|z + |n −m` σ〉 e+iσµ|δβSO|z
)
∝ ψn|m`| (ρ) cos (|m`|φ− σ |δβSO| z) eˆσ. (24b)
For a monoenergetic photon, (24a) describes a lin-
early polarized OAM eigenstate whose polarization vec-
tor rotates with increasing z as shown in Fig. 2(c),
such that in a Cartesian basis it can be written as
cos (|δβSO| z) xˆ + µ sin (|δβSO| z) yˆ. Similarly, the ex-
pectation value of a monoenergetic electron’s spin vec-
tor, which rotates in an analogous manner, is 〈Sˆ〉 =
h¯
2 [cos (2 |δβSO| z) xˆ+ µ sin (2 |δβSO| z) yˆ]. In contrast to
(24a), (24b) describes a SAM eigenstate with a rotating
orbital state, which has the same form for both particles
(see Fig. 2(d)). These effects may be viewed as a spatial
beating between two waves of identical frequency ω but
with slightly different propagation constants β0 ± |δβSO|
which have been split by the spin-orbit interaction. More
generally, initial two–state superpositions of the general
form
cos
(
Θ
2
)
e−i
Φ
2 |nm` σ〉+ sin
(
Θ
2
)
e+i
Φ
2 |nm` −σ〉 ,
(25a)
cos
(
Θ
2
)
e−i
Φ
2 |nm` σ〉+ sin
(
Θ
2
)
e+i
Φ
2 |n −m` σ〉 ,
(25b)
where Θ and Φ are the spherical polar angles of the Bloch
vector in the relevant two–state space (either SAM or
OAM), undergo a precession of the Bloch vector in the
azimuthal (Φ) direction at an angle Θ due to the spin–
orbit shift contained in (23), with a precession rate of
|δβSO| per unit z.
In a similar way, each of the spin-orbit interaction ef-
fects described above may also occur as a function of
time. Consider the transformation of the eigenstates in
(25a) and (25b) according to
|nm` ± σ〉 → |nm` ± σ〉 eiµ(|δβSO|z−|δω|)t, (26a)
|n ±m` σ〉 → |n ±m` σ〉 eiσ(|δβSO|z−|δω|)t, (26b)
respectively, where |δω| ≡ ωβ0 |δβSO| such that the trans-
formed eigenstates remain eigenstates of (3). Under this
transformation, each of the two–state superpositions in
7(25) undergo azimuthal SAM or OAM Bloch vector pre-
cession in time with a precession rate of |δω| per unit
t due to the spin–orbit shift contained in (23). Con-
sequently, for balanced, in–phase initial superpositions
where (Θ,Φ) =
(
pi
2 , 0
)
, the results (24) hold under the
transformations (26) of the respective equations (22),
provided that the substitution |δβSO| z → |δω| t is made
in equations (24). Since the direction of Bloch vector
precession in spin/polarization space described in (24a)
is determined by the absolute sign of the OAM quantum
number m`, this effect can be thought of as an orbit–
controlled rotation of the particle spin in space or in time.
Conversely, the Bloch vector precession in OAM space
of (24b) is determined by the absolute sign of the SAM
quantum number σ, and one may think of this effect as
spin-controlled orbital rotation.
VII. EXAMPLE: STEP PROFILE
As a concrete application of the result (19), consider
the case of a step profile at the boundary, such that
χ (ρ) = θ(ρ− 1) and χ′ (ρ) = δ(ρ− 1), where θ and δ
are the Heaviside step and Dirac delta functions, respec-
tively. In this case, k2 (ρ) becomes piecewise constant,
so that the unperturbed wave equation (3) reduces to
Bessel’s equation, with solutions of the form (4), with
1
N
ψn|m`| (ρ) = J|m`| (κ0aρ) for ρ ≤ 1, (27a)
1
N
ψn|m`| (ρ) = K|m`| (κ˜0aρ) for ρ ≥ 1, (27b)
where J|m`| (κ0aρ) is a Bessel function of the first kind,
while K|m`| (κ˜0aρ) is a modified Bessel function of the
second kind, and
κ0 ≡
√
k2 (0)− (β20)n|m`| (28a)
κ˜0 ≡
√
k2 (a)− (β20)n|m`| (28b)
(both of which depend on n and |m`|) are the respective
transverse wave numbers of the particle wave function
inside and outside the boundary. Also in (27), N is a
normalization factor given by
N ≡
[∫ ∞
0
1
N2
ψ2n |m`| (ρ)ρdρ
]− 12
=
1√
pi
1
J|m`| (κ0a)
{
K|m`|−1 (κ˜0a)K|m`|+1 (κ˜0a)
K2|m`| (κ˜0a)
−J|m`|−1 (κ0a) J|m`|+1 (κ0a)
J2|m`| (κ0a)
}− 12
.
(29)
Application of the appropriate boundary conditions
(Schro¨dinger/Dirac [5] or Maxwell [24]) on the electron
or photon wave function given in (27) results in the fol-
lowing (unperturbed) characteristic equation for either
particle:
κ0a
J|m`|+1 (κ0a)
J|m`| (κ0a)
=
√
R2 − κ20a2
K|m`|+1
(√
R2 − κ20a2
)
K|m`|
(√
R2 − κ20a2
) ,
(30)
where
Re ≡ ae
λC
√
2∆e (for electrons), (31a)
Rγ ≡ aγ
λγ
√
∆γ (for photons), (31b)
In (31), Re, ae, and ∆e, are respectively the waveguide
parameter, waveguide radius, and step strength param-
eter of the electron waveguide, while Rγ , aγ , and ∆γ
denote the same quantities for the photon case. We will
continue to denote each of these parameters by their un-
subscripted forms R, a, and ∆ when describing both
cases simultaneously.
For given values ofR, n, andm`, we solve equation (30)
numerically for κ0, which yields κ˜0 through equations
(28), thereby explicitly determining the wave function ψ
in (27). We then use our knowledge of ψ and equation
(19) to calculate δ(β0)n|m`|, which yields
δ(β0)n|m`| =
∆
2β0a2
(
(κ0a) J
′
|m`| (κ0a)
J|m`| (κ0a)
− σm`
){
K|m`|−1 (κ˜0a)K|m`|+1 (κ˜0a)
K2|m`| (κ˜0a)
− J|m`|−1 (κ0a) J|m`|+1 (κ0a)
J2|m`| (κ0a)
}−1
.
(32)
where the prime on the Bessel function denotes a
derivative with respect to its argument: J ′|m`| (κ0a) ≡
∂
∂(κ0aρ)
J|m`| (κ0aρ)
∣∣∣
ρ=1
. From equations (8), (13), and
(28a), we have the following relations for the elec-
tronic and photonic unperturbed propagation constants
(βe0)n|m`| and (β
γ
0 )n|m`|:
8(βe0)n|m`| =
1
ae
√(
ae
λdB
)2
− (κ0ae)2 (for electrons),
(33a)
(βγ0 )n|m`| =
1
aγ
√(
aγ
λγ
)2
− (κ0aγ)2 (for photons),
(33b)
where λdB =
√
h¯
2mω is the electron’s (reduced) deBroglie
wavelength. In order to more directly compare the elec-
tron and photon dynamics for the step profile case, we
fix the ratio of waveguide radius to particle momentum
in (33) for both particles according to
ae
λdB
=
aγ
λγ
. (34)
by which it follows that (βe0)n|m`| =
aγ
ae
(βγ0 )n|m`|, since
κ0a has the same value for both particles. Additionally,
we fix Re = Rγ in equation (31) by requiring that
∆e =
1
2
(
λC
λdB
)2
∆γ . (35)
In Fig. 1 we have plotted—simultaneously for both
electrons and photons—the corrected propagation con-
stant βn|m`| ≡ (β0)n|m`| + δ(β0)n|m`| vs. R for eigen-
states with the first few allowed values of n and |m`|,
subject to the constraints (34) and (35). In the legend,
we have used the standard optical optical fiber nomen-
clature LP|m`|n to describe the state of an electron or
photon [25], with the following addition: LP|m`|n± de-
notes a particle wave function |nm` σ〉 such that sign of
the product σm` is positive or negative as indicated. Pa-
rameters for the photon case were chosen for a helium
neon laser propagating in a commercially available step-
index optical fiber, where n (0) = 1.46, ∆ = 0.014, and
λγ =
1
n(0)
632.8
2pi nm. Conversely, we chose the electron
to have a de Broglie wavelength equal to 10 times its
Compton wavelength in order to satisfy the assumption
of nonrelativistic motion. Given these choices, all other
parameters may be determined using the relations (31),
(34), and (35).
The zitterbewegung effect results in a downward shift
in each dispersion curve in the present case, since the
derivative of each eigenstate wave function at the bound-
ary is opposite in sign to the boundary value of the wave
function itself. The spin-orbit splitting of the dispersion
curve pairs LP|m`|n± is exaggerated in the Figure by a
factor of fifty for purposes of visualization. Note that
although we have included the dispersion curve for the
LP11 mode in our plot, since our perturbative treatment
as formulated above does not apply to photons in this
special case where |m`| = 1 (see Appendix B), we have
plotted only a single uncorrected curve, (β0)11 vs. R.
In the present simple case of a step profile for χ, it is
evident from equations (31) above that the reduced pho-
ton wavelength at the waveguide center λγ plays a role
analogous to that of the electron Compton wavelength
in defining a natural normalized frequency or waveguide
parameter, which in turn determines the number of trans-
versely bound states or guided modes present in the sys-
tem. More specifically, as the value for the waveguide
radius a approaches the value λC for electrons (or λγ for
photons), thereby attempting to localize either particle
within the guide, this localization is resisted as a larger
percentage of each allowed transversely bound wave func-
tion penetrates into the region defined by r > a. As a
result of this, an increasing number of eigenstates are no
longer guided by the confining potential or permittivity
and thereby depart from the cylindrical guiding region
(i.e., these modes become cut off). In this way, λC and
λγ are connected with the respective localizability of elec-
trons and photons and by extension to various tunneling
phenomena (cf. [26, 27]).
The connection between λC and λγ and the strength
of the zitterbewegung effect may be seen by noting that
λdB ≈ cvλC for nonrelativistic electrons, so that equa-
tions (33) yield (βe0) ≈ vc 1λC and (β
γ
0 ) ≈ 1λγ for paraxi-
ally propagating particles obeying κ0  β0. Substituting
these relations into our effective Hamiltonian (20) yields
the explicit result that the strength of the Darwin shift,
and by extension the magnitude of the zitterbewegung,
is proportional to the fundamental localizability scale λC
for electrons and λγ for photons.
VIII. CONCLUSIONS
We have shown that when an electron or photon prop-
agates in a cylindrically symmetric waveguide, it expe-
riences both a zitterbewegung effect and a spin-orbit in-
teraction leading to identical effective Hamiltonians, and
therefore identical propagation dynamics, for both parti-
cles. The presence of the zitterbewegung effect may be in-
terpreted physically as a delocalization of the interaction
between the particle and its confining influence, which in
turn may be attributed to the the delocalization of the
electron on the scale of its Compton wavelength, or the
delocalization of the photon on the scale of its wavelength
in the waveguide. The analogy with the electron zitter-
bewegung, which has an amplitude on the order of the
electron’s reduced Compton wavelength, suggests that
the magnitude of the photon zitterbewegung is of the
order of the photon’s reduced wavelength in the waveg-
uide. The presence of the spin-orbit interaction leads to
the prediction of several rotational effects: the spatial or
time evolution of either particle’s spin/polarization vec-
tor is controlled by the sign of its orbital angular mo-
mentum quantum number, or conversely, its spatial wave
function is controlled by its spin angular momentum. Un-
der either of these interactions, a two-state superposition
of monoenergetic eigenstates with parallel and antipar-
9allel spin and orbital angular momentum experiences a
azimuthal precession of its Bloch vector in the relevant
two-state space, with its direction controlled by the sign
of the particle’s spin or orbital angular momentum, and
with a precession rate of |δβSO| per unit z. Each of these
effects may occur as a function of either space (axial dis-
tance down the waveguide) or time. We have argued
elsewhere [9] that the common origin of the spin-orbit
interaction for both particles is a geometric phase asso-
ciated with the geometric evolution of either particle’s
spin vector as the particle propagates down the waveg-
uide. A more detailed geometric understanding of both
the spin-orbit interaction and zitterbewegung effects may
be attainable from an analysis of the first-order correc-
tions to the particle wave functions under the action of
the effective Hamiltonian given above. Such an analysis
will be the subject of a future paper.
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Appendix A: Photonic Perturbation Term
The purpose of this appendix is to express the photonic
perturbation Hˆ ′Ψ = ∇T [∇T ln  (ρ) ·Ψ] in such a way
that the spin-orbit interaction and zitterbewegung terms
are explicitly manifest. With this in view, we note that
∇T ln  (ρ) = ∂r ln  (ρ) rˆ so that Hˆ ′Ψ simplifies to
∇T [∇T ln  (ρ) ·Ψ] = ∇T (fΨr) (A1a)
= (∇T f) Ψr + f (∇TΨr) (A1b)
where
f (ρ) ≡ ∂r ln  (ρ) = −∆χ
′
a (1−∆χ) , (A2)
and where Ψr (ρ, φ) ≡ Ψ · rˆ is the radial component of
the transverse electric field Ψ (recall that ρ ≡ ra ). Em-
ploying a circularly polarized basis with basis vectors
eˆ± ≡ 1√2 (xˆ± iyˆ), we may express the transverse gra-
dient operator as
∇T = eˆ+∇+ + eˆ−∇− (A3)
with
∇± ≡ 1√
2
e∓iφ
(
∂r ∓ i
r
∂φ
)
, (A4)
while the radial component of the electric field may be
written as
Ψr =
1√
2
(
e+iφΨ+ + e
−iφΨ−
)
, (A5)
with Ψ± ≡ Ψ · eˆ∗±. Substituting these relations into the
right-hand side of (A1b), using ∇±f = 1√2e∓iφ (∂rf),
and employing the following column vector notation for
Ψ,
Ψ = Ψ+eˆ+ + Ψ−eˆ− ≡
(
Ψ+
Ψ−
)
, (A6)
readily yields the first line of the following succession of
expressions:
Hˆ ′Ψ =
1
2
[
f ′ + fe−iφ
(
∂r − ir∂φ
)
e+iφ f ′e−2iφ + fe−iφ
(
∂r − ir∂φ
)
e−iφ
f ′e+2iφ + fe+iφ
(
∂r +
i
r∂φ
)
e+iφ f ′ + fe+iφ
(
∂r +
i
r∂φ
)
e−iφ
](
Ψ+
Ψ−
)
, (A7a)
=
{
1
2
(
(f ′ + f∂r)1+
f
r
σˆzQˆ`zQ
)
+
1
2
(
(f ′ + f∂r) Nˆ(γ) +
f
r
σˆzQσˆx ˆ`zQ
)}(
Ψ+
Ψ−
)
, (A7b)
=
{
1
2
[(
f ′ + f∂r +
f
r
)
+
f
r
σˆz ˆ`z
]
1+
1
2
[(
f ′ + f∂r +
f
r
)
+
f
r
σˆz ˆ`z
]
Nˆ(γ)
}(
Ψ+
Ψ−
)
., (A7c)
=
(
Hˆ
(γ)
Dar + Hˆ
(γ)
SO
)(
1+ Nˆ(γ)
)
Ψ (A7d)
In (A7b)–(A7d), σˆx and σˆz are respectively the Pauli
x and z matrices, the primes on the f functions denote
derivatives with respect to r ≡ ρa, and
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Q ≡
(
0 e−iφ
e+iφ 0
)
, (A8a)
Nˆ(γ) ≡ QσˆxQ =
(
0 e−2iφ
e+2iφ 0
)
, (A8b)
≡ σˆ2+ ˆ`2− + σˆ2− ˆ`2+, (A8c)
while Hˆ
(γ)
Dar and Hˆ
(γ)
SO are defined in (15). In deriving
(A7c) from (A7b), we have made use of the operator
identities ˆ`zQ = Qσˆz + Qˆ`z, Q
2 = σˆ2z = 1, σˆx
ˆ`
z =
ˆ`
zσˆx, Qσˆz = −σˆzQ, and σˆzNˆ(γ) = −Nˆ(γ)σˆz in order
to simplify the matrix products in (A7b), yielding the
results
σˆzQˆ`zQ = 1+ σˆz ˆ`z
σˆzQσˆx ˆ`zQ =
(
1+ σˆz ˆ`z
)
N. (A9)
From (A7c) it is clear that Hˆ ′Ψ factors into the result
(A7d), where f ′ ≡ ∂rf = −1(1−∆χ) ∆a2
(
χ′′ +
∆(χ′)
2
1−∆χ
)
from
(A2). This is equation (14) in the main body of this
work.
Appendix B: Perturbation Matrix Elements
In this appendix we use perturbation theory to calcu-
late the matrix elements of the electronic and photonic
perturbation Hamiltonians given in (9) and (14), and the
corresponding corrections to the propagation constant(
β20
)
n|m`|, in the weakly guided regime where ∆  1.
For electrons, straightforward application of (16) to the
Hamiltonian in (9) yields
〈n′m′` σ′| Hˆ ′ |nm` σ〉 =
2pi
λ2C
〈(
h¯ω
mc2
−∆χ
)2〉
δm′`m`δσ′σ
− pi∆
a2
[(
1
2
〈
χ′′ +
χ′
ρ
〉
+ σm`
〈
χ′
ρ
〉)
δm′`m`δσ′σ
+ i (β0)n|m`|
〈
χ′
〉(
δm′`m`−1 δσ′σ+1 − δm′`m`+1 δσ′σ−1
)]
,
(B1)
where the bracket notation
〈
Oˆ
〉
denotes the radial in-
tegral
〈
Oˆ
〉
≡ ∫ ψn′|m′`| Oˆ ψn|m`|ρdρ for any operator Oˆ
contained within.
For photons, we begin by noting that to first order in
∆, the final term in (15a) is negligible, while the prefactor
1
1−∆χ(ρ) in (15a) and (15b) is approximately equal to
unity, so that
Hˆ
(γ)
Dar ≈ −
∆
2a2
(
χ′′ +
χ′
ρ
+ χ′∂ρ
)
, (B2a)
Hˆ
(γ)
SO ≈ −
∆
2a2
χ′
ρ
σˆz ˆ`z. (B2b)
Substituting (B2a) and (B2b) into (14) and employing
(16), we find that for photons,
〈n′m′` σ′| Hˆ ′ |nm` σ〉 = −
pi∆
a2
×[(〈
χ′′ +
χ′
ρ
+ χ′∂ρ
〉
+ σm`
〈
χ′
ρ
〉)
δm′`m`δσ′σ
+
〈
χ′′ +
χ′
ρ
+ χ′∂ρ
〉(
δm′`m`−2 δσ′σ+2 + δm′`m`+2δσ′σ−2
)
+
〈
χ′
ρ
〉(
(m` − 2) δm′`m`−2 δσ′σ+2
− (m` + 2) δm′`m`+2 δσ′σ−2
)]
, (B3)
where we have made the replacements (σ + 2)→ +1 and
(σ − 2)→ −1 in the last two lines of (B3) since the Kro-
necker delta functions δσ′ σ+2 and δσ′ σ−2 act as selection
rules, respectively forcing σ = −1 and σ = +1.
It follows from (B1) and (B3), that the explicit forms
for the perturbation matrix 〈n′m′` σ′| Hˆ ′ |nm` σ〉 are:
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|n
0
+
〉
|n
0
−〉
|n
+
1
−〉
|n
−1
+
〉
|n
+
1
+
〉
|n
−1
−〉
|n
+
2
−〉
|n
−2
+
〉
|n
+
2
+
〉
|n
−2
−〉
|n
+
3
−〉
|n
−3
+
〉
|n
+
3
+
〉
|n
−3
−〉
|n
+
4
−〉
|n
−4
+
〉
|n
+
4
+
〉
|n
−4
−〉
· · ·

〈n′ 0+| A0 −iB1
〈n′ 0−| A0 +iB1
〈n′+1−| +iB0 A+1
〈n′−1+| −iB0 A+1
〈n′+1+| A−1 −iB2
〈n′−1−| A−1 +iB2
〈n′+2−| +iB1 A+2
〈n′−2+| −iB1 A+2
〈n′+2+| A−2 −iB3
〈n′−2−| A−2 +iB3
〈n′+3−| +iB2 A+3
〈n′−3+| −iB2 A+3
〈n′+3+| A−3 −iB4
〈n′−3−| A−3 +iB4
〈n′+4−| +iB3 A+4
〈n′−4+| −iB3 A+4
〈n′+4+| A−4
〈n′−4−| A−4 . . .
...
...
. . .
A±|m`| ≡
2pi
λ2C
〈(
h¯ω
mc2
−∆χ
)2〉
+
pi∆
a2
(
−1
2
〈
χ′′ +
χ′
ρ
〉
± |m`|
〈
χ′
ρ
〉)
, (B4a)
B|m`| ≡
pi∆
a2
(β0)n|m`|
〈
χ′
〉
, (for electrons) (B4b)
|n
0
+
〉
|n
0
−〉
|n
+
1
−〉
|n
−1
+
〉
|n
+
1
+
〉
|n
−1
−〉
|n
+
2
−〉
|n
−2
+
〉
|n
+
2
+
〉
|n
−2
−〉
|n
+
3
−〉
|n
−3
+
〉
|n
+
3
+
〉
|n
−3
−〉
|n
+
4
−〉
|n
−4
+
〉
|n
+
4
+
〉
|n
−4
−〉
· · ·

〈n′ 0+| A0 B−2
〈n′ 0−| A0 B−2
〈n′+1−| A+1 A+1
〈n′−1+| A+1 A+1
〈n′+1+| A−1 B−3
〈n′−1−| A−1 B−3
〈n′+2−| B+0 A+2
〈n′−2+| B+0 A+2
〈n′+2+| A−2 B−4
〈n′−2−| A−2 B−4
〈n′+3−| B+1 A+3
〈n′−3+| B+1 A+3
〈n′+3+| A−3
〈n′−3−| A−3 . . .
〈n′+4−| B+2 A+4
〈n′−4+| B+2 A+4
〈n′+4+| A−4
〈n′−4−| A−4
...
...
. . .
A±m` ≡
pi∆
a2
(
−
〈
χ′′ +
χ′
ρ
+ χ′∂ρ
〉
±m`
〈
χ′
ρ
〉)
, (B5a)
B±m` ≡
pi∆
a2
(
−
〈
χ′′ +
χ′
ρ
+ χ′∂ρ
〉
± (m` ± 2)
〈
χ′
ρ
〉)
, (for photons) (B5b)
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For each allowed value of n and |m`|, the un-
perturbed squared propagation constant
(
β20
)
n|m`| is
degenerate in the subspace spanned by the states
{|n |m`| +〉 , |n −|m`| −〉 , |n |m`| −〉 , |n −|m`| +〉},
which is four dimensional except in the case where |m`| =
0. According to first-order degenerate perturbation the-
ory [28], we therefore need to diagonalize the submatrices
〈nm′` σ′| Hˆ ′ |nm` σ〉 of the perturbation matrix within
each such degenerate subspace where |m′`| = |m`| in or-
der to find the first-order shifts δ
(
β20
)
n|m`| due to the
perturbation. The vertical and horizontal lines in the
above matrices delineate these degenerate subspaces. It
is clear by inspection that the appropriate subspaces are
already diagonal in the |nm` σ〉 eigenbasis, with the sin-
gle exception of |m`| = 1 in the photon case [30]. Since
our unperturbed states |nm` σ〉 are therefore a valid ba-
sis for the application of degenerate perturbation theory,
we may readily calculate the first-order shifts in
(
β20
)
n|m`|
for both particles by setting n′ = n, m′` = m`, and σ
′ = σ
in (B1) and (B3), so that only the diagonal terms pro-
portional to δm′`m`δσ′σ contribute to δ
(
β20
)
n|m`|:
δ
(
β20
)
n|m`| = 〈nm` σ| Hˆ
′ |nm` σ〉
=
2pi
λ2C
〈(
h¯ω
mc2
−∆χ
)2〉
− pi∆
a2
(
1
2
〈
χ′′ +
χ′
ρ
〉
+ σm`
〈
χ′
ρ
〉)
(for electrons) (B6a)
δ
(
β20
)
n|m`| = 〈nm` σ| Hˆ
′ |nm` σ〉
= −pi∆
a2
〈
χ′′ +
χ′
ρ
+ χ′∂ρ
〉
+ σm`
〈
χ′
ρ
〉
(for photons) (B6b)
Considering now simultaneously the “Darwin term” in-
ner products 12
〈
χ′′ + χ
′
ρ
〉
and
〈
χ′′ + χ
′
ρ + χ
′∂ρ
〉
in (B6a)
and (B6b), we integrate the terms involving χ′′ by parts
for each, the result of which cancels the remaining terms,
resulting in the same expression for both cases:
1
2
〈
χ′′ +
χ′
ρ
〉
=
〈
χ′′ +
χ′
ρ
+ χ′∂ρ
〉
= −
∫
χ′ψn|m`|∂ρψn|m`|ρ dρ
≡ −
〈
χ′∂ρ
〉
n|m`|
. (B7)
where
〈
Oˆ
〉
n|m`|
denotes the radial integral
〈
Oˆ
〉
with n′ =
n and m′` = m`, for any operator Oˆ contained within.
Substitution of (B7) into (B6a) and (B6b) immediately
results in equation (18) in the main body of this paper.
We note here that the perturbation Hˆ ′ is not Her-
mitian with respect to the inner product given in (16),
as is evident by inspection of equations (B1) and (B3)
or their corresponding explicit matrices. However, the
unperturbed Hamiltonian operator Hˆ0 is Hermitian for
either choice of k (ρ) given in (8) and (13), according
to a Sturm–Liouville analysis of the unperturbed equa-
tion (3), so that the unperturbed eigenstates |nm` σ〉
form a complete set and have real eigenvalues
(
β20
)
n |m`|.
The standard results in perturbation theory for the first-
order corrections to the eigenvalues
(
β20
)
n|m`| and eigen-
states |nm` σ〉 of Hˆ0 depend only on the assumption
of the Hermiticity of Hˆ0, so that the first–order correc-
tions δ
(
β20
)
n|m`| given in (18) are valid even though Hˆ
′
is not Hermitian [31]. However, the standard formula
for the second–order eigenvalue corrections δ(2)
(
β20
)
n|m`|
does undergo a slight modification for a non-Hermitian
perturbation:
δ(2)
(
β20
)
n|m`| =∑
n′ 6=n
〈n′m` σ|H ′ |nm` σ〉 〈nm` σ|H ′ |n′m` σ〉
(β20)n|m`| − (β20)n′|m`|
(B8)
All corrections to
(
β20
)
n|m`| are real for the perturbation
Hamiltonians considered in this paper, as is to be ex-
pected.
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